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ABSTRACT

PhasdJnwrappingis a key stepin deriving topographidn-

formationfrom InterferometricSAR. Severalrecenimethods -

arebasednaminimumcostnetworkflow approachlin this
paperwe develop a new, computationallyefficient, “divide-
and-conquerstratgy for phaseunwrapping.

INTRODUCTION

The well-studiedInterferometricSyntheticAperture Radar -

(InSAR) problemfor DEM generatiorninvolvesthe deriva-
tion of topographicnformationfrom radarphase. The to-
pographyis proportionalto the full phasewhereaghe mea-
sured phasds modulo2, necessitatintheproces®f recor-
eringfull phasevaluesvia phaseaunwrapping.ln generalthe
presencef noise phasaliscontinuites,andthesheersizeof
the problemmakephase-unwrappinghallenging.
Ourresearclis motivatedoby recentwork[1, 2] whichmod-
elsthe phaseunwrappingproblemasadiscreteoptimization
problem.We define¢ (s, j) and+ (i, j) astheunwrappedand
wrappedphaseunctionsrespectiely, wheretheindicesi, j
livein arectangulaM x N grid. Ourmeasuregbhaseobeys

¢(7'7]) = W((]S(Z,j)) = qS(Z, 1)

wheren(s, j) areintegerssuchthat—= < 4 (s,7) < = and
W is thewrappingoperator We definetheresiduals

J) + 2mn(i, §)

1 .. .
ky = hija = 5= [Dad(i,d) - W(BH(i,5)] @)
for eachindividualarcq = {3, j, d}, whereA, is thediscrete

differenceoperatoralongdirectiond € {z,y}. If welet

e = i j.a = W(Ag(4, 7)), thenthe phaseunwrapping
problemcanbeformulatedas
min ) e k| (3)
q
suchthatall simpleloopintegralsbe zero:
1
ka + ko + ke + ka = —o—[Ya + s+ 9e + 9] (4)
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Figure 1: Exampleof a Divide & Conquerapproachappliedto

phaseunwrapping. An interferogramof a simple 2-D gaussian
surfaceis partitioned(a) into squaredblocks. Eachblock is un-

wrappedindependently(b) and then thesepartial resultsare un-

wrappedamongthemselesto producethe final surface(c). The

procesf unwrappingwo neighboringblocksis shovnin (d).

wherethe ¢, arenonn@atve real numbersweightingthe a
priori confidenceon the residuals. Equation(4) embodies
the essencef network flow, statingthata surfacewill be
correctlyunwrappedf ary closedloopintegralin it is zero.

In this paperwe will concentrateon algorithm perfor
manceissues. Available minimum cost flow implementa-
tions, like RELAX-IV[4], are known for their substantial
resourceneeds[1],requiring gigabytesof RAM in orderto
processa moderatelysizedinterferogramon the orderof a
million pixels[1, 2]. Theonly attemptto decreas¢he com-
putationaleffort hasbeenby Einederetal [2]. Our particular
researchnterestis the developmentof computationallyeffi-
cientalgorithms applicableto hugeproblems>>> 10 million
pixels).

We have developeda multiresolutionphaseunwrapping
algorithm,basedn networkflow, which eliminatesprevious
limitations of computingtime or memoryusagée. Oursis
thefirst algorithmthat hasthe ability to detectfailuresand
correctthemwithout humanintervention.

1 Although our developmentis basedon linear networkflow, the reader
mayfind it usefulto applythesadeasto otherphaseinwrappingalgorithms.



MULTIRESOLUTION NETWORK FLOW

Divide-and-conquer

Our proposedstratey is to addresshe unwrappingproblem
by “divide-and-conquer’thatis, to successiely decompose
the problemuntil it becomegasyto solve andto recombine
theelementarysolutions asillustratedin Figurel:

1. The input interferogramis partitionedin blocks, as
shavnin Figure1(a)andeachblockis unwrappedn-
dependentlpf eachother

2. Reconstructiorf theindividually unwrappedlocks,
asshawn in Figure 1(c), with respectto a reference
point,commonto thewholeimage.

By definition, the latter is an unwrapping process again,
sincethereare elementgblocks) whoseheightshave been
recoreredambiguouslydueto the lack of a referencepoint
with known absoluteheight,andthey needto berestoredo
their original verticallocation.

Considerthe simplest case, provided by two adjacent
blocks 4, B with unwrappedphases) s and¢p, asshavn
in Figure 1(d). If thereis no information connectingthe
blocksthe unwrappingproblemis unsohable. However, if
theblocksoverlapin anon-nullset® (shovnin dottedlines),
we canuseary point P, € O to unwrap;thefinal surfaceps
is obtainedby mosaicking

¢s=¢a |J (45 +Ah), Ah=4¢4(P,)—¢p(P,). (5)

Therelative heightdifferenceonthefinal surfacep s between
ary pair of pointsP, € A andP, € B canbe computed
throughP,:

U bs(Py) — ¢s(Pa) (6)
[¢B + Ah](Py) — ¢a(Pa) (7)

$8(Ps) + [pa(Po) — ¢B(Po)] — ¢a(Pa). (8)

It is significantto notethatthis “divide-and-conquerpro-
cesscan be appliedrepeatedlynaturally leadingto an un-
wrappingproblemonmultiple scalesapplicableo problems
of almostarbitrarysize.

Generalized Network Flow

We now shav how theindividually unwrappedlockscanbe
unwrappedamongthemseles using networkflow. There-
guirements thatevery closed-looppathintegral at the block
level equalzero.

Consideffour neighboringdlocks A, B, C, D, asshavnin
Figure2. Declarepoints P,, P,, P., P4 in eachblock to be
“representaties” or | CPs (interferograncontrol point). We
candefinea “generalizedesidual”’kq on arc ), exactly as

(@)

Figure2: Theloopintegral computedalonga closedpath(connect-
ing P,, P, P. and P,) crossingfour overlappingadjacentblocks
mustbezeroto guarante¢hatthefinal resultis asurface Theover
lappingareasaredeterminedy the spacedetweerthedashedand
solidlines.

in equation(2), suchthat the correctedheight differenceis
\IfQ + 27!']€Q:

1
kab+kbc+kcd+kda — _% [‘I[ab + \I’bc + \chd + ‘Ilda] (9)

whichis identicalto equation(4).

We candothisattheblocklevel becausé is guaranteed
to beinteger, sincethe unwrappedohasein eachblock has
anerror of aninteger numberof cycles. Any set{kq } that
satisfieeequation(9) will producefeasiblesolutions.Clearly
we wantto selectthe onethat minimizesthe impactof the
residuals,having the smallest(weighted)norm, exactly as
we did in equation(3):

min ZCQ|]€Q|
Q

wherethe costscg now reflectthea priori confidenceonthe
residuals. Although we are unwrappingat the block level,
the networkflow unwrappingproblemtranslatesxactly.

(10)

Arbitrary Topology Network Flow

If discontinuitiesare present, inconsistenciesnay arise
within the overlappingareas.We proposeto split the blocks
into smallerregions, which canbe conceved as connected
sets of pixelswithin ablock that we consider to bereliably
unwr apped. Thesaegionscanassumarbitraryshapesfor-
tunatelynetworktheorynaturallyaccomodateisregularcon-
figurationsof nodesandarcs,arbitrarytopologiesbeingthe
rule andnot the exception.

Considetheexampleshavn in Figure2(b). With thesame
configuratiorof ICPsasin (a), we canselectifferentclosed
loop pathssuchastriangles.We thenrewrite the constraints
(9) as

1
kab + kbc + kca = —a_ [‘Ijab + ‘Ijbc + ‘cha] .

2

Theobjectvefunctiony, cq kel in equation(10) needso
bemodifiedto accomodatéhe new residuals.

(11)



(@) (b)

Figure3: Splitting of centerblockinto regions(labeledl andII)

separatethy adiscontinuity Theblackdiamondsarethe ICPs.The
Delaunaytriangulationis shavn in solid lines (b). The arcs(dot-

tedseggments)connecineighbouringriangles.The shadedriangles
indicatethattheloop integralsarenon-zero.

Transformingthis linear programmingprobleminto net-
work flow is a bit more complicatedthan the regular
topologycase.Figure3(a) shavs a topographiaiscontinu-
ity spreadingacrossseveral blocks. The centerblock is split
into two regions, labeled? andII. Startingwith a cloud
of ICPswe build a Delaunaytriangulation,shovn in Fig-
ure 3(b), with the arcsof the generalizechetworkshavn in
dottedlines. A “generalizedchage dipole” (non-zeroloop
integral) is createdwithin the shadedrianglesasa resultof
thediscontinuity

REGIONSAND RELIABILITY

The key ideato properly defineusableregionsis to utilize
redundang; we applythe samealgorithmwith differentin-
put data,suchthat variedchage configurationsoffer differ-
ent challengesand opportunitiesto find a correctsolution.
Ourregionsarethendefinedasthoseconnectedomponents,
within the overlappingareaswhich do not containlow-cost
areas,and for which the multiple unwrappedsurfacesare
identical.

This definition is fault-tolerant: information is cross-
checkedor consisteng over redundantareasandwheneer
errorsare detectedthey are utilized to further split the re-
gions,increasinghe probabilitythateachoneof themis cor
rectly unwrapped.

ThelCP-to-ICPcostscq arestill ad-hoc; our currentrules
have beendesignedsuchthatinter-blockarcshave high costs
while intra-blockarcshave low costs.

RESULTS

Our algorithm has been successfullytested with several
datasetssomesyntheticandsomereal SAR interferograms.
Figure4 shavs oneexample(extractedfrom [3]) whichcom-
paresstronglyto currentstate-of-the-arphaseunwrapping
algorithmg3]. Thisparticularresulthasbeencomputedwvith

(b) () (d)

Figure4: Syntheticexampleextractedfrom [3]. The coherence
mapis shavnin (a), wherethecolormaprunsfrom zerobeingblack
to white correspondindo one. The interferograms shavn in (b).
Theregionsmapis depictedwith a randomgray colormapin (c).
Theintensity-codedlifferencebetweerourmethodandtheoriginal
surfaceis shovnin (d).
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5 x 2 overlappingblocksandthe thresholdfor determining
low-coherencareashasbeensettot = 0.3.

Fromanefficiengy pointof view, the solutioncanbecom-
putedsequentiallydemandinga smallamountof resources
at eachsubproblem.Also, if executiontime is constrained,
theblockscanbeunwrappedimultaneouslyby distributing
theminto several processors.

This paperhasdescribedandillustrateda multiresolution
methodologyfor phaseunwrappingusing network flow. It
hasoriginatedfrom the confluenceof differenttechnologies
andstrat@ies,thatcornvergedinto a singlerobustalgorithm,
reliable, efficient and cappableof unwrappingimageswith
unlimitedsize.Also, it generatedfavorablepracticalframe-
work to introducein the future scale-dependemtodelsthat
describeerrain.
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