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Montevideo,11300,Uruguay Waterloo,Ont.,N2L-3G1,Canada

gabriel@fing.edu.uy Tel: (598-2)711-4229 Fax: (598-2)711-5446

ABSTRACT

PhaseUnwrappingis a key stepin deriving topographicin-
formationfrom InterferometricSAR.Severalrecentmethods
arebasedona minimumcostnetworkflow approach.In this
paperwe developa new, computationallyefficient, “divide-
and-conquer”strategy for phaseunwrapping.

INTRODUCTION

The well-studiedInterferometricSyntheticApertureRadar
(InSAR) problemfor DEM generationinvolvesthe deriva-
tion of topographicinformationfrom radarphase. The to-
pographyis proportionalto thefull phase,whereasthemea-
sured phaseis modulo

���
, necessitatingtheprocessof recov-

eringfull phasevaluesvia phaseunwrapping.In general,the
presenceof noise,phasediscontinuities,andthesheersizeof
theproblemmakephase-unwrappingchallenging.

Ourresearchis motivatedbyrecentwork[1, 2] whichmod-
elsthephaseunwrappingproblemasadiscreteoptimization
problem.Wedefine�����	��
�� and 
������	
�� astheunwrappedand
wrappedphasefunctionsrespectively, wheretheindices �	��

livein arectangular����� grid. Ourmeasuredphaseobeys


������	
�����������������
������������	��
���� ���! �����	
�� (1)

where
 ���	��
�� areintegerssuchthat " �$# 
������	
��&% �

and� is thewrappingoperator. We definetheresiduals

')( � ')*,+ -.+ / � 0���2143 / ��������
��5"6����3 / 
7���	��
����98 (2)

for eachindividualarc :;�=<>�	��
?�A@CB , where3 / is thediscrete
differenceoperatoralong direction @�DE<?F!�.GHB . If we let
 ( �I
 *,+ -.+ / �I�J�K3 / 
7���	��
��	� , thenthe phaseunwrapping
problemcanbeformulatedas

min L (=M (ON ' (PN (3)

suchthatall simpleloop integralsbezero:
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Figure 1: Exampleof a Divide & Conquerapproachappliedto
phaseunwrapping. An interferogramof a simple 2-D gaussian
surfaceis partitioned(a) into squaredblocks. Eachblock is un-
wrappedindependently(b) and then thesepartial resultsare un-
wrappedamongthemselves to producethe final surface(c). The
processof unwrappingtwo neighboringblocksis shown in (d).

wherethe M ( arenonnegative real numbersweightingthe a
priori confidenceon the residuals. Equation(4) embodies
the essenceof network flow, statingthat a surfacewill be
correctlyunwrappedif any closedloop integral in it is zero.

In this paperwe will concentrateon algorithm perfor-
manceissues. Available minimum cost flow implementa-
tions, like RELAX-IV[4], are known for their substantial
resourceneeds[1],requiringgigabytesof RAM in order to
processa moderatelysizedinterferogramon the orderof a
million pixels[1, 2]. Theonly attemptto decreasethecom-
putationaleffort hasbeenby Einederetal [2]. Ourparticular
researchinterestis thedevelopmentof computationallyeffi-
cientalgorithms,applicableto hugeproblems( Y 10million
pixels).

We have developeda multiresolutionphaseunwrapping
algorithm,basedonnetworkflow, whicheliminatesprevious
limitations of computingtime or memoryusage.Z Ours is
the first algorithmthat hasthe ability to detectfailuresand
correctthemwithouthumanintervention.[

Althoughour developmentis basedon linearnetworkflow, the reader
mayfind it usefulto applytheseideasto otherphaseunwrappingalgorithms.



MULTIRESOLUTION NETWORK FLOW

Divide-and-conquer

Ourproposedstrategy is to addresstheunwrappingproblem
by “divide-and-conquer”;thatis, to successively decompose
theproblemuntil it becomeseasyto solve andto recombine
theelementarysolutions,asillustratedin Figure1:

1. The input interferogramis partitionedin blocks, as
shown in Figure1(a)andeachblock is unwrappedin-
dependentlyof eachother.

2. Reconstructionof the individually unwrappedblocks,
as shown in Figure 1(c), with respectto a reference
point,commonto thewholeimage.

By definition, the latter is an unwrapping process again,
sincethereareelements(blocks)whoseheightshave been
recoveredambiguously, dueto the lack of a referencepoint
with known absoluteheight,andthey needto berestoredto
theiroriginal verticallocation.

Consider the simplest case, provided by two adjacent
blocks \��.] with unwrappedphases�C^ and �C_ , asshown
in Figure 1(d). If there is no information connectingthe
blocksthe unwrappingproblemis unsolvable. However, if
theblocksoverlapin anon-nullset ` (shownin dottedlines),
wecanuseany point acb;Dd` to unwrap;thefinal surface�!e
is obtainedby mosaicking

�!ef�$�C^hgi���C_f�d3fjC�.� 3fj2�k�C^l�Ka�b>�H"m�C_n�Ka�b>�.o (5)

Therelativeheightdifferenceonthefinal surface� e between
any pair of points a Q Dh\ and a R D=] canbe computed
through acb :

p QqR � � e �Ka R ��"r� e �Ka Q � (6)� T � _ �U3fj V �Ka R �c"s� ^ �Ka Q � (7)� � _ ��a R �!� T � ^ ��a b �c"s� _ �Ka b � V "t� ^ �Ka Q �uo (8)

It is significantto notethatthis “divide-and-conquer”pro-
cesscan be appliedrepeatedly, naturally leadingto an un-
wrappingproblemonmultiplescales,applicableto problems
of almostarbitrarysize.

Generalized Network Flow

Wenow show how theindividuallyunwrappedblockscanbe
unwrappedamongthemselvesusingnetworkflow. The re-
quirementis thateveryclosed-looppathintegralat theblock
level equalzero.

Considerfour neighboringblocks \v�A]f�qw;�qx , asshown in
Figure2. Declarepoints a Q �qa R �qa S �qa / in eachblock to be
“representatives” or ICPs (interferogramcontrolpoint). We
candefinea “generalizedresidual”

'Oy
on arc z , exactly as
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Figure2: Theloopintegralcomputedalongaclosedpath(connect-
ing �!�����!���	�!� and �!� ) crossingfour overlappingadjacentblocks
mustbezeroto guaranteethatthefinal resultis asurface.Theover-
lappingareasaredeterminedby thespacesbetweenthedashedand
solid lines.

in equation(2), suchthat the correctedheightdifferenceisp y � ��� 'Oy :

' QqR � ' R9S � ' S9/ � ' /.Q �=" 0�?� T p QWR � p R9S � p S9/ � p /.Q V (9)

which is identicalto equation(4).
Wecandothisat theblock level because

' y
is guaranteed

to be integer, sincethe unwrappedphasein eachblock has
anerror of an integernumberof cycles. Any set < ' y B that
satisfiesequation(9) will producefeasiblesolutions.Clearly
we want to selectthe onethat minimizesthe impactof the
residuals,having the smallest(weighted)norm, exactly as
wedid in equation(3):

min L y M y N 'Py N (10)

wherethecostsM y now reflectthea priori confidenceonthe
residuals.Although we areunwrappingat the block level,
thenetworkflow unwrappingproblemtranslatesexactly.

Arbitrary Topology Network Flow

If discontinuitiesare present, inconsistenciesmay arise
within theoverlappingareas.We proposeto split theblocks
into smallerregions,which canbeconceived asconnected
sets of pixels within a block that we consider to be reliably
unwrapped. Theseregionscanassumearbitraryshapes;for-
tunatelynetworktheorynaturallyaccomodatesirregularcon-
figurationsof nodesandarcs,arbitrarytopologiesbeingthe
ruleandnot theexception.

Considertheexampleshown in Figure2(b).With thesame
configurationof ICPsasin (a),wecanselectdifferentclosed
loop pathssuchastriangles.We thenrewrite theconstraints
(9) as

' QqR � ' R9S � ' S9Q �=" 0��� T p QqR � p R9S � p S9Q V o (11)

Theobjectivefunction � y M y N 'Oy N in equation(10)needsto
bemodifiedto accomodatethenew residuals.
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Figure3: Splitting of centerblock into regions(labeled� and �?� )
separatedby adiscontinuity. TheblackdiamondsaretheICPs.The
Delaunaytriangulationis shown in solid lines (b). The arcs(dot-
tedsegments)connectneighbouringtriangles.Theshadedtriangles
indicatethattheloop integralsarenon-zero.

Transformingthis linear programmingprobleminto net-
work flow is a bit more complicatedthan the regular-
topologycase.Figure3(a) shows a topographicdiscontinu-
ity spreadingacrossseveralblocks.Thecenterblock is split
into two regions, labeled � and ��� . Startingwith a cloud
of ICPs we build a Delaunaytriangulation,shown in Fig-
ure3(b), with the arcsof thegeneralizednetworkshown in
dottedlines. A “generalizedcharge dipole” (non-zeroloop
integral) is createdwithin theshadedtrianglesasa resultof
thediscontinuity.

REGIONS AND RELIABILITY

The key ideato properlydefineusableregions is to utilize
redundancy; we applythesamealgorithmwith differentin-
put data,suchthatvariedchargeconfigurationsoffer differ-
ent challengesandopportunitiesto find a correctsolution.
Ourregionsarethendefinedasthoseconnectedcomponents,
within theoverlappingareas,which do not containlow-cost
areas,and for which the multiple unwrappedsurfacesare
identical.

This definition is fault-tolerant: information is cross-
checkedfor consistency over redundantareas,andwhenever
errorsaredetected,they areutilized to further split the re-
gions,increasingtheprobabilitythateachoneof themis cor-
rectlyunwrapped.

TheICP-to-ICPcostsM y arestill ad-hoc; ourcurrentrules
havebeendesignedsuchthatinter-blockarcshavehighcosts
while intra-blockarcshave low costs.

RESULTS

Our algorithm has been successfullytestedwith several
datasets,somesyntheticandsomerealSAR interferograms.
Figure4 showsoneexample(extractedfrom[3]) whichcom-
paresstrongly to currentstate-of-the-artphaseunwrapping
algorithms[3]. Thisparticularresulthasbeencomputedwith
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Figure4: Syntheticexampleextractedfrom [3]. The coherence
mapis shown in (a),wherethecolormaprunsfrom zerobeingblack
to white correspondingto one. The interferogramis shown in (b).
The regionsmapis depictedwith a randomgray colormapin (c).
Theintensity-codeddifferencebetweenourmethodandtheoriginal
surfaceis shown in (d).

� � � overlappingblocksandthe thresholdfor determining
low-coherenceareashasbeensetto ������o�� .

Fromanefficiency pointof view, thesolutioncanbecom-
putedsequentially, demandinga small amountof resources
at eachsubproblem.Also, if executiontime is constrained,
theblockscanbeunwrappedsimultaneously, by distributing
theminto severalprocessors.

This paperhasdescribedandillustrateda multiresolution
methodologyfor phaseunwrappingusingnetworkflow. It
hasoriginatedfrom theconfluenceof differenttechnologies
andstrategies,thatconvergedinto a singlerobustalgorithm,
reliable,efficient andcappableof unwrappingimageswith
unlimitedsize.Also, it generatedafavorablepracticalframe-
work to introducein the futurescale-dependentmodelsthat
describeterrain.

REFERENCES

[1] M. Costantini,“A novelphaseunwrappingmethodbased
on Network Programming,” IEEE T. GRS, V. 36, #3,
1998.

[2] M. Eineder, M. Hubig, B. Milcke, “Unwrapping large
interferogramsusingtheminimumcostflow algorithm,”
Proc. IGARSS ’98.

[3] D. Ghiglia, M. Pritt, Two-Dimensional Phase Unwrap-
ping: Theory, Algorithms, and Software, Wiley, New
York, 1998.

[4] D. Bertsekas,P. Tseng,“The relaxcodesfor linearmini-
mumcostnetworkflow problems,” Annals of Operations
Research, V. 13,1988


